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Let p be a finite prime of the rational function field K= IF,(T) and K(p): K the 
pth cyclotomic extension. We study the p-components of various class groups 
associated with K(p), using criteria of Kummer-Herbrand-Ribet type and explicit 
formulas for Bernoulli-Goss and Bernoulli-Carlitz numbers. A conjecture is 
formulated that hypothetically gives necessary and suflicient conditions for the 
non-vanishing of the p-class group of the ring of integers in the maximal “totally 
real” subfield K+(p) of K(p). 0 1990 Academic Press, hc. 
1. INTRODUCTION 
Let q be a power of the prime p, IF, the finite field with q elements, and 
A = ff,[ T] the polynomial ring in an indeterminate T. Fix a prime ideal p 
(always assumed nonzero) of A of degree de N. By abuse of notation, we 
also write p(T) for the manic irreducible polynomial that generates p. Let 
K(p) be the field extension of K = IF,(T), determined up to isomorphism by 
the following conditions : 
(1.1) (i) K(p): K is abelian, unramitied outside p and co, and its 
conductor divides the divisor p . co of K; 
(ii) T is a norm at 03 ; 
(iii) 5, is algebraically closed in K(p) ; 
(iv) K(p) is maximal with (i), (ii), (iii). 
Thus in terms of class field theory, the subgroup of norms in the units U, 
of the q-adic completion K,, is U, if q is a place of K different from p, CO, 
and is the l-units in U, if q equals p or co. Also, let K+(p) be the maximal 
subfield of K(p) unramified at co. Then p completely ramifies in K(p), 
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the place cc splits completely in K+(p), and ramifies completely in 
K(p): K+(p). We have canonically 
Gal(K(p): K+(p)) * !F: C (A/p)* --% Gal(K(p): K)= G. (1.2) 
An explicit construction of K(p) by means of “cyclotomic” polynomials 
may be found in [9]. By the far-reaching analogy of K with the rational 
number field Q, K(p) and K+(p) correspond to the pth cyclotomic field 
extension Q(p) and the maximal real subfield Q + ( p) of Q(p), respectively; 
see [9, 3, 71. 
Let C = C(p) be the p-primary part of the group of degree zero divisor 
classes of K(p), and C, the subgroup of classes supported by the infinite 
primes of K(p). Then we have an exact sequence of finite p-groups 
o+c,+c+&o, (1.3) 
where c is the p-part of the ideal class group Pit B, B = integral closure of 
A in K(p). Similarly, if Kc L c K(p) is an intermediate field and B,, C, .L, 
C,, c, are the objects associated with L, 
0 -+ G.L. +C,-C,+O 
is also exact. If L= K+(p), we write B,, C,... for B,, C,... 
(1.3,) 
(1.4) Let now Kc L c Mc K(p) be two intermediate fields. The 
natural mapping i: C, + C, composed with the norm N: C, + C, is 
multiplication with [M : L], which is prime to p. Hence i is injective and 
N is surjective, and corresponding statements hold for C replaced by C, 
and e. 
(1.5) Let W be the ring of Witt vectors of the finite field A/p, and m 
its maximal ideal. All the W-valued characters of G = (A/p)* are powers e# 
(06k<qd-1) of the T eic mii h 11 er character o: G + W*, which satisfies 
o(g) z g mod m, g E G. Tensoring with W over Z,, we may decompose our 
class groups according to characters of G, 
co*,w= 0 C(Wk), 
O<kc&I 
and similarly for C, and Z;. We write C(k) for C(&). 
(1.6) LEMMA. For any intermediate field Kc L c K(p), 
CL@ w= 0 C(x), 
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where the sum on the right hand side is over those characters x: G -+ W* that 
factorize over Gal(L : K). 
Proof: Let H=Gal(K(p) : L). By (1.4), it suffices to show that 
CH = C,. Since # (H) is prime to p, H2(H, C) = 0. But H is cyclic, so 
CH/N( C) = A’( H, C) = 0, where N is the norm of K(p) : L. 
In particular, C(w”) = 0, and 
c,ow= @ C(k). (1.7) 
O<k<q‘-l 
k=O(q-1) 
Note also that for k f 0 (q- l), C,(k) =0 and C(k) 5 c(k), which 
follows from the ramification type of K(p) : K+(p). 
(1.8) DEFINITION. The prime p is regular if C = 0. Otherwise, it is called 
irregular; plus-irregular or minus-irregular, if there exists k < qd - 1, k z 0 
(q - 1) or k $ 0 (q - 1 ), respectively, with C(k) # 0. 
The different components C(k) are not quite independent. Define the 
equivalence relation 
k’wPk o there exists a p-power p” such that 
k’rp”.k(qd-1). (1.9) 
Then from the action of the Frobenius automorphism on W, we derive 
k’-k implies C(k’) z C(k) (1.10) 
and the corresponding statements for C, and 2;. 
2 
We give some numerical criteria, analogous to the Kummer-Herbrand- 
Ribet criterion, for the non-vanishing of C(k). These involve two different 
series of Bernoulli-like numbers corresponding to zeta values at positive 
and negative integers. First, define for non-negative i 
[i] = Tq’- T 
Li= [i][i- l] ... Cl] (2.1) 
D;= [j][j- l]q... Cl]“‘-‘. 
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In particular, [0] = 0 and L,, = D,= 1. Further, for k given in its q-adic 
expansion k = C aiqi, 0 < ai < q, let 
r,=xDy and l(k) = 1 ai, 
the sum of its q-adic digits. Note that for i > 0, [i] is the product of all the 
manic primes whose degree divides i. r, is the substitute for the factorial 
k! = T(k + 1) in our context. Put 
e(X) = 1 XYk/Dk 
kg0 
as a formal power series, and define the Bernoulli-C’arlitz numbers B(k) E K 
-?-= 1 Box’ 
e(x) k>O rk 
(see [1,6]). (2.2) 
Then B(0) = 1, B(k)=0 unless qz0 (q- l), and e.g., B(k)= 
(-V’Uh . . f Di- 1)4- ‘/Li if k = qi - 1. There is a von Staudt-like result on 
the denominator of B(k), which in particular implies that B(k) is p-integral 
if k < q“ - 1. Besides the above and the mysterious identities of [5], 
nothing is known about the B(k). Next, let 
s,(k) = 1 uk, (2.3) 
summing over the manic polynomials of degree i in A. Then s!(k) = 0 for 
i > f(k)/(q - 1) [4, 2.121. Hence we may define the Bernoulli-Goss numbers 
B(k) (see C71) by 
P(k) = C si(k) k f 0 (q- 1) (2.4) 
i20 
= - C hi(k) k=O (q- 1). 
i30 
The sj(k) (and therefore the P(k)) satisfy 
si( pk) = si(k)P (2.5) 
and the Kummer congruences 
si(k’) = s,(k) mod p if k’rk(qJ- 1). (2.6) 
In particular, 
PIP(k)=plP(k’) if k’w,k. (2.7) 
Our interest in B(k) and p(k) results from the next two theorems. 
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(2.8) THEOREM [7, 6.2.21. Let 0 <k < qd- 1. Then 
C(k)#O * P I Phd- 1 - kl. 
(2.9) THEOREM [11;8,2.18]. Let O<k<qd-1, k divisible by q-l. 
Then 
Z;(k)#O 3 P I B(k) 
(i.e., p divides the numerator of B(k)). 
(2.10) Remark. In view of (l.lO), an equivalence above would imply a 
statement like (2.7) for B(k). In fact, it is easy to see that if pk< qd- 1, 
p 1 B(k) implies p (B(pk). But in general, (2.7) doesn’t hold for B(k). 
A counterexample is given by q = 3 and p(T) = T3 - T- 1, which divides 
B(lO), but not B(4) (4 + 33 - 1 = 3.10). In (6.9), we state and motivate a 
conjecture about a possible converse of (2.9). 
From 2.8, we may derive the stability of divisibility properties of /I?(k) 
under constant field extensions. Let r > 1 be a natural number and 
K’= IF,,(T). We denote with a prime ( )’ all the objects related to K 
instead of K. Suppose the degree d of p is relatively prime with r. Then p 
is inert in K’. Let p’ be the corresponding prime in K’, n = qd- 1, 
n’= q’d- 1. 
(2.11) THEOREM. If p divides a(k), then p’ divides the Bernoulli-Goss 
number /I’(k’) associated with K’, where k’ = k. n’/n. 
ProojI By (2.6), we may assume that k < n, so k’ < n’. Consider the field 
extensions 
K’(P’) 
Then G’=Gal(K’(p’):K’)= (A’/p’)* acts on L’ via the norm 
N: (A’/p’)* + (A/p)* = Gal(L’ : K’) = Gal(K(p) : K) = G. If we think of u/ 
imbedded in WC, we have w  0 N = g”“ln for the Teichmiiller character o’ of 
G’. Combined with (1.6) and the injectivity of C+ CL,, we get 
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“C(n -k) # 0 SF- C’((n -k)n’/n) # 0,” which by (2.8) is equivalent to the 
assertion. 
Next, we show how to calculate B(k) and P(k) effectively. Directly from 
definitions, we get the recursion formula for B(k) 
B(k)= -c r’ 
,roDirk+l-yI 
B(k+ 1 -4;) (k > 0). (3.1) 
Also, p(k) might be calculated via the recursion described in [7]. Instead, 
we will use the generating function for si(k) derived in [4), which is 
computationally simpler : 
k&sf(k)X*=(-l)‘f)i 
x4’ ’ 
L, e,(X-‘) X4’- DiXy” 
(3.2) 
Here 
e,(X)= C (-l)i-j 
D. I x4’. 
OGj<i Dj L;/, 
The resulting B(k) and b(k) are rational functions or polynomials in T of 
very large degrees, but, using invariance properties, we can drastically 
reduce the degrees. Let V (resp. U) be the group of affine transformations 
THaT+b(a,bE[Fy),wherea#O(resp.a=1),andputS=[1]=TY-T, 
R = S9- ‘. Then V acts on A = IF,[T], and the invariants are 
A c/ = 5,[S] =: A,, A’=FJR]=:A,. (3.3) 
Since the coordinate change TH T+ b affects neither [i] nor si(k), B(k) 
and P(k) may be expressed through S. 
Let m=q- 1, and define 
B*(k) = S”k)‘mB(k), (3.4) 
which is a rational function in R. Since S = [ 1 ] = n (T- b) (b E F,), B(k) 
and B*(k) have the same prime divisors p(T) of degree > 1. Let further 
Lz = SpkLk E IF ,[R], and, for 0 < k E 0 (q - 1) given q-adically 
k= c ajqj and O-cidN, 
O<j<N 
Put 
r(i, k)=inf({jIuj<m}, i); 
s(i, k) = inf{ j 2 i I uj > 0} if r(i, k) < i, and s(t k) = i otherwise. 
h41:34/1-9 
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(3.5) LEMMA. B*(k)= -Ci>o(L,*(i,k,/L~i,,,L,))*(k+ 1 -qi). 
Proof: Let 0 < i 6 N be given, r = r(i, k), s = s(i, k). The q-adic expan- 
sion of k + I- qi is given by 
k+ 1 -qi=aiqi+ . ..a.qN (r=i) 
=(U,+l)q’+a,+,q’+‘+ ...ai-lqi-‘+mq’,+ . ..mqS+I 
+(a,-l)q”+a,+,q”f’+ . ..a.qN (r<i). 
Therefore, in both cases, rklDirk+ l--q1 = (DI...D,-IY”D,/ 
DiD,(Di...D,pI)m. But for all i, Di = (DI.. . DimI)“‘Li, hence 
rklDirk+l--qc= L,/L,L,. Since I(k + 1 - qi) = Z(k) + (s - i - r)m, the asser- 
tion follows from (3.1). 
For the si(k), we have by definition 
si(k)(aT) = a”$(k)( T). (3.6) 
Thus if P(k) = C bk, jS/ b,, j # 0 implies j = k, 2k.. . (m). In particular: 
(3.7) If k E O(m), si(k) and /I(k) are polynomials in R = S- ‘. 
4 
We now derive explicit expressions for B*(k) and p(k), in case 
O<k<q3-1. First, note that each k<q3-1 divisible bym=q-1 has a 
unique representation k = s(q2 - 1) + t(q - l), where either (0 d s < q, 
OGtGq) or (s=q, t=O). 
(4.1) THEOREM. Let k = s(q2 - 1) + t(q - 1) as above. Then 
B*(k)=& (t=O) 
g-1) C (-l)i(r+f-l)R” (t>o). 
O<ibs 
Proof. Since k < q3 - 1, the sum in (3.5) contains only two terms. For 
k=a+bq+cq2, O<a, b, c<m=q-1, we get B*(k)= --crB*(k+l -q)- 
jIB*(k+l-q2), wherea=R+l (a<m, b=O,c>O),cr=l otherwise,b= 
(R + 1)-l (a = b = m, c = 0), and fi = 1 otherwise. The result now follows 
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by double induction on s and t, which involves some case considerations 
on the q-adic expansion of k = s(q2 - 1) + t(q - 1). We omit the details. 
(4.2) COROLLARY. Zfk=s(q*- 1) (1 bsdq) or k=s(q2- l)+q(q- 1) 
(1 d s < q), each prime divisor p(T) of (the numerator of) B*(k) has degree 
one. 
Proof. The first case is clear. In the second case, all the binomial 
coefficients (y + i- ’ ) vanish except for i = 0, hence B*(k) = -R”. 
(4.3) COROLLARY. Let k = (q - l)(q’ - 1) + t(q - 1) (1 6 t < q). Then 
B*(k)= (-l)‘R’-‘(R+ l)qPf, and is not divisible by primes p(T) of degree 
> 2. 
Proof. As above, (“I;-‘) vanishes for i > q - t. Hence 
B*(k)=(-1)’ 1 (-l)i 
O<i<q-f 
+l)r~(q;f)R’-l-’ 
Further R+l=S”-‘+1=[2]/[1], which is the product of all manic 
irreducible quadratic polynomials p(T). 
The corollaries give vanishing results for p-class groups t?(k) for primes 
p(T) of degree >2. Next, let us consider P(k), where k has the q-adic 
expansion a -+ bq + cq*, /=I(k)=u+b+c, m=q-1. Since k<q3-1, 
si(k)=O if i>2, and we have to calculate s,(k), s,(k), and s,(k)= 1. From 
(3.2), one may derive the expression for .y2(k) (see [4, 3.131) 
s,(k) = ( - 1)” (m~u)(~~~~m)S”Y’““~4:..~~+,,~(l+S”)”+.~”’, 
(4.4) 
which vanishes if I = a + b + c < 2m. 
For i = 1, the generating function (3.2) becomes 
xs,(k)J?= -Y/(1-P-SP), m=q-1, s=[l]=TY-T. 
We read off 
s,(k)= -C 
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summing over pairs (a, p) of non-negative integers that satisfy 
crm+Bq=k-m. (*I 
Let (a,, fl,,) be the solution with CY,, maximal. All the other solutions are 
given by (ai, /Ii), ai = a0 - iq, pi = /IO + im, i < a,/q. We have to separate the 
cases (A) I< m, (B) m < l< 2m, and (C) 2m < 1. In case (A), s,(k) = 0. In 
case (B), DIG = m - a + cq, fro = I - m. Looking at the q-adic expansions of 
ai + pi and of pi, and using Lucas’ congruence on binomial coefficients, one 
sees that (“6i,bJ)= 0 unless b + c - q < i < i- m, in which case one has 
Now suppose (C), i.e., Ia 2m. Then ~1~ = m --a+ (c+ l)q, PO = /- 2m. 
Again determining q-adic expansions yields 
(I-2m<i<b+c-m) 
=(b+;:;-i)(ifl) (b+c-m<i<c+l) 
=o (c+ 1 <i). 
With the usual conventions ([t) = 0 if k < 0 or k > n, all these cases are 
included in 
s,(k)= - 
b+c-m-i 
m-a 
In summary, 
(4.6) THEOREM. Let O<k=a+bq+cq2<q3- 1 with O<a, b, c<q, 
l=a+b+c, m=q-1. Then 
P(k) = 1 + s,(k) + s,(k) (k f O(m)) 
= -s,(k) - 2s,(k) (k = O(m)), 
the si(k) being given by (4.4) and (4.5). 
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(4.7) EXAMPLE. Let k=a+ bq. Then 
(A special case of this has been shown in [lo].) 
(4.8) EXAMPLE. Let k = a + mq + cq2, 0 < a + c < m. Then 
fl(k)=l+(-l)“+‘S”+“Y. 
(4.9) EXAMPLE. Let k = a + bq + cq2, I= a + b + c = 2m. Then 
P(k) = 1 + 
h+c--m<i<c 
a+c-m 
Ry--a+i, 
o<i<;a+c--m i 
where R = Sy ~ ‘. Specializing b yields, e.g., 
P(k)= 1 f(-l)c+lR”+’ (k = m -c + mq + cq2), 
or 
fl(k)=l+(-l)“cR’(R+l) (k=m-c+ 1 +(m- l)q+cq2, c>O). 
5 
By the results of the last section, we are given B(k) and P(k) as rational 
functions (or polynomials) in S = Tq - T or even in R = Sq- ‘. For a prime 
ideal p of A and i=O, 1 let pi=pnAi (see (3.3)). We omit the proof of the 
next proposition. Combined with Theorems 4.1 and 4.6, it enormously 
simplifies the verification of p) /I(k) or B(k). 
(5.1) PROPOSITION. (i) The primes p(T) of degree 2 in A are those 
Zyingaboueprimespo(S)ofAo, wherep,(S)=S*-a (p>2), po(S)=S-a, 
a # 0 (p = 2), or equivalently those lying above the prime p,(R) = R + 1 
gfA,. 
(ii) The primes p(T) of degree 3 in A are those lying above primes 
pa(S) = S 3 - bS - c (p arbitrary) or p,(S) = S - a, a # 0 ( p = 3 only), or 
equivalently those lying above a prime divisor p 1(R) of Rq + ’ + R + 1. (Prime 
divisors of Rq+’ +R+l have the form R3+aR2+(a-3)R-1, or R-l 
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(p = 3 only), or R - p (q 5 l(3) only, p a primitive third root of unity 
in IF,).) 
The special primes p(T) dividing R - 1, R - p, R-p*, respectively, are 
those having non-trivial stabilizer groups under TH aT+ b, i.e., p(T) = 
T3 - bT- c, b a square (p = 3), and p(T) = T3 - c (4 = l(3), c a non-cube), 
or their translates. 
6. APPLICATIONS 
Let now p be a prime of A of degree d d 3. If d = 1, K(p) is rational and 
has trivial class group, so we exclude that case. If d = 2, K+(p) is rational, 
so all of the C(k) with ,k = 0 (q - 1) are trivial (which corresponds to the 
fact that the associated P(k) and B(k) are never divisible by primes of 
degree 2). Hence only j?(k) with 0 <k < q2 - 1, k 5 0 (q - 1) is interesting. 
Recall that m = q - 1. 
(6.1) THEOREM. Let q z 3(4), q> 7, and let p(T) be a prime divisor of 
p,(S) = S2 + 1. Then p is irregular. (The prime divisors of S2 + 1 are the 
shifts under TH T+ b of T2 + a.) 
Proof: Let k=m + bq, where O<b<m, bzO(4). Then from (4.7), 
/3(k) = I- Sb, which is divisible by S2 + 1. The result now follows from 
Theorem 2.8. 
The regularity of quadratic primes is discussed in detail in [2]. 
(6.2) THEOREM. Let p(T) be a special prime of degree 3 (see (5.1)). Then 
p is plus-irregular. 
Proof: Let k = m - c + mq + cq2, where 0 < c <m, c E 2(6). From (4.9), 
we have P(k)= 1 +(-l)c+lRc+l, which is divisible by R - 1 in char 3, and 
by (R-p)(R-p’), if q= l(3). 
Recall that in the number field case, the class number of Q+(p) should 
not be divisible by p by Vandiver’s conjecture. Actually, it occurs very 
rarely that a non-special prime p is plus-irregular. 
(6.3) EXAMPLE. For q < 64, there are only 4 examples of non-special 
plus-irregular primes of degree 3, involving IF, with q = 16, 32,47,49. The 
examples with the non-prime fields are complicated to be written down. 
For q = 47, let p(T) be the prime T’ + ST + 20, which divides 
p,(R)= R3+41R2+38R+46. For k=81,696= lo+46 .47-t36.472, (4.9) 
gives o(k) = 1 - R37, which is divisible by p I ! Hence IF,,(T)+(p) has a class 
number divisible by 47. 
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Let now p have degree 3, n a divisor of q3 - 1, and let K c L c K(p ) be 
the unique intermediate field of degree n over K. Then Gal( K( p ) : L) = {n th 
powers in (A/p)*} =: H, and the ramification group of L : K at CC is 
IF,*/F: n H. 
(6.4) EXAMPLE. Let p > 2 and n = 2. Then L is ramified at “CI, and the 
Hurwitz formula shows L to be elliptic. Since T is a norm at cc, the 
elliptic curve E associated with L is given by the equation - Y” = p(T). 
The relevant Bernoulli-Goss number is 
P((q3- 1)/2)= l- c 0Ci<nm.‘2 (:y21rn:2j Sml’+im~ 
whose divisibility by p is equivalent to E’s having non-trivial p-division 
points over F,. 
(6.5) EXAMPLE. Let q - l(3) and n = 3. Then L is unramified at CO, and 
Hurwitz again gives L elliptic. The relevant Bernoulli-Goss numbers are 
j(k) for k = kj = i(q3 - 1)/3, i = 1,2. We have /?(k, ) = 1, and fl(k,) is a poly- 
nomial in R given by (4.9). In the range q < 64, /3(k2) has cubic prime 
divisors only for q = 49. 
In the next examples, we let p(T) have degree 2 and, assuming n ) q2 - 1, 
we consider the unique subfield L of K(p) of degree n over K. Let 
k, = i(q” - 1 ,/n, 0 < i < ~1. 
(6.6) EXAMPLE. Let q E l(3) and n = 3. L is ramified at 00 and elliptic 
with equation X3 = p(T), from which we see that the corresponding elliptic 
curve has j-invariant 0. We have j?(k,) = 1 and 
One easily shows nlbe F, ((T+h)‘-c)=S’-4c, provided that c is a 
non-square in [F,. Therefore, the elliptic curve 
T2=X3+c 
has p-division points over IF, o p(T) = T2 - cl /?(k,) o 1 = (~$)(4c)“” 
in IF,. 
(6.7) EXAMPLE. Let qz2(3) and n = 3. L splits at co and is rational. 
Therefore, the j3(ki) have no quadratic prime divisors. 
(6.8) EXAMPLE. Let q = l(4) and n = 4. L ramifies at co with index 2, 
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so by Hurwitz is elliptic. Any contribution to C(k) comes from 
k = k3 = 3(q* - 1)/4, B(k) = 1 - (z$‘) S”‘2. 
Let us now consider the “affine” class group c(k) and the divisibility 
properties of B(k), assuming deg p = 3. Recall that if c(k) # 0, then for all 
k’ < q3 - 1 that satisfy k’ N k, p divides B(k’) and also p(q3 - 1 - k’). Here 
“ - ” = “ - P” is the equivalence relation (1.9). Cases were p lB(k’) for 
all k’ w k are rare. For q < 32, they exist for q = 9, 16, 27. Also, we found 
some examples for q = 43 and 49. In all these cases, we also found 
p ( /3(q3 - 1 -k), and in some of them (see (6.10)), we could verify c(k) # 0. 
This leads to the following conjecture, which states a converse of 
Theorem 2.9 : 
(6.9) Conjecture. Let p be a prime of A of arbitrary degree d. Suppose 
that for all k’ N k (i.e., such that there exists a power p” of p with 
k’ E p”k(qd- 1 )), p divides (the numerator of) B(k’). Then c(k) # 0. 
(6.10) EXAMPLE. Consider the following data, where p(T) is a divisor 
of P,(R): 
4 k P,(R) P(T) 
9 112 R-l T’-T-l 
arootofP+X+l) 16 585 R-P T’-p2 
49 39216 R’+4R2+R+6 T’-T-2 
49 12384 R-2 T3-2 
R-4 T’-3 
Then always p divides B(k’) for all k’ w k, and, furthermore, all the c(k) 
are non-zero. In particular, the class numbers of the corresponding rings 
B, are divisible by p. 
The facts on divisibility result from explicit calculation. We will prove 
the non-vanishing of c(k) in case (a). Modifications of the argument used 
work in the other cases (b), (c), (d), but not in the cases mentioned earlier, 
where q=27 and 43. 
(6.11) PROPOSITION. Let q = 9 and k = 112. Then if(k) # 0. 
ProoJ: The equivalence class of 112 is M= (112,280, 336). We have 
p (B(k’) and p ( /?(q’ - 1 -k’), k’ EM, therefore C(k’) # 0. We must show 
that actually the “afline” part c(k) is non-zero. The characters c?‘, where 
k’ EM, generate a subgroup of order 13 in the character group of (A/p)*; 
thus ekPE ,,, C(k’) belongs to the subfield L : K of K+(p) of degree 13. Let 
L, = K3,+(p3) be the abelian extension of K3 = [F,(T) constructed from p3. 
Here, p3 = p n K,, so L, is the maximal abelian extension of K3 unramified 
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outside of pJ and completely split at co, which has degree (33 - 1)/2 = 13 
over K,. From the ramification conditions, L = L, . K= L, @,, F,. All the 
infinite places of L, are IF,-rational, hence the canonical map C,,,, + C,, L 
is bijective. The action of Gal(K(p):K) = (A/p)* on K3(p3) is via the norm 
N: (A/p)* -+ (AJp3)* = Gal(K,(p,) : K,); thus the component C,,,,(k,) 
corresponds to C,,,(k), k = k, . n, where n = # (Ker(N)) = 28. From the 
calculation of b3(k3) (i.e., the B.-G. numbers in the lF,-situation), we see 
that C,,(k,) is non-zero for k,=2,6, 18 only. Hence C,,,(112)= 
C ,.,,(4)=0 and c(112) & C(112)#0. 
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